Introduction
We call a locally linear group action on a topological manifold nonsmoothable if the action is not smooth with respect to any possible smooth structure. In dimension 4, some examples of nonsmoothable group actions are known [9, 8, 5, 1, 12] .
In this article, we construct examples of such actions of prime order cyclic groups on connected sums of S 2 × S 2 .
Theorem 1. Let n be an integer larger than 1, and p a prime number satisfying p ≥ 7 if n = 2, or p ≥ 19 if n ≥ 3. There exists a homologically trivial and locally linear action of the cyclic group Z p on n ♯S 2 × S 2 which is nonsmoothable.
Most of the constructions in this article are applied to any simply-connected spin 4-manifolds with non-zero signature, which we will discuss in [6] . On the other hand, Klemm obtained partial results on smooth group actions on S 2 × S 2 [7] . I, however, do not know if S 2 × S 2 allows a nonsmoothable locally linear action.
Problem 2. Is there a nonsmoothable locally linear action of
Remark 3. When a smooth structure on a topological manifold is endowed, a locally linear group action on a topological manifold is called nonsmoothable if the action is not smooth with respect to any smooth structure isomorphic to the given one. Liu and Nakamura's examples in [10, 11] and Chen and Kwasik's ones in [2] are of this type.
2 Locally linear actions on
Let n be an integer larger than 1. We write X for the connected sum
We identify Z p with the subgroup of U(1) with order p.
Pseudofree linear Z p -actions on CP 2 , CP 2 and S 4 are described as follows using weights 
Note that the two weights (a 0 , a 1 , a 2 ) and (a 0 + 1, a 1 + 1, a 2 + 1) give the same action on CP 2 or CP 2 . From now on we assume that a 0 + a 1 + a 2 is even for weight α = (a 0 , a 1 , a 2 ) without loss of generality. 
Proposition 4. Let m and r be non-negative integers satisfying
2. the fixed point data of the action on CP 2 with weight α
the fixed point data of the action on S 4 with weight
Proof. We use the criterion due to Edmonds and Ewing and check that the above fixed point data satisfies the three conditions REP, GSF, TOR in [3] . The number of fixed points is 3m + 3m + 2r = 2n + 2 = χ(X), so REP is satisfied. To show GSF we compare the G-signature formula for X with that for the disjoint union of m-copies of CP 2 , m-copies of CP 2 and r-copies of S 4 with the given Z p actions as above. We denote by Y the disjoint union with the Z p given action. Note that the action on Y is homologically trivial, and hence its G-signature is equal to m×(+1)+m×(−1)+r×(0) = 0 as a character of Z p . The G-signature formula for the above candidate of fixed point data on X is identified with that for Y . Hence the above data satisfies two conditions REP and GSF as a homologically trivial action.
To check the condition TOR, we again compare X with Y . We use Application 8.6 in [3] . Since the action on each connected component of Y is homologically trivial, its fixed point data satisfies the equation of Application 8.6. Therefore the left hand side of the equation for X is the product of those for all the connected components of Y , which is equal to (−1)
On the other hand, the right hand side −disc Z (V, Φ) for the homologically trivial action on X is equal to −(−1)
n since the determinant of intersection matrix of each S 2 × S 2 is equal to −1. It implies that the above candidate of fixed point data for X also satisfy the condition TOR.
Index of Dirac operator
Recall that we are assuming that a 0 + a 1 + a 2 is even for a weight α = (a 0 , a 1 , a 2 ). Let N(p, α) be the number of ordered triplets of integer (n 0 , n 1 , n 2 ) satisfying n 0 , n 1 , n 2 ≥ 0, n 0 + n 1 + n 2 = p − 3 2 and, is N(p, α), where C k is the one dimensional representation of Z p with weight k.
2
. The Z p -index of the twisted Dolbeault operator is equal to
This completes the proof.
Proposition 6. Suppose the action constructed in Proposition 4 is smooth with respect to some smooth structure of X. Then the action has the unique lift to the spin structure on X and the dimension of Z p -invariant part of the Z p -index of the Dirac operator on X is equal to
Proof. Since p is odd, we have unique lift to the spin structure on X. Let Y be the disjoint union of m-copies of CP 2 , m-copies of CP 2 and r-copies of S 4 with the given Z p actions as in the proof of Proposition 4. We compare the Z p -index of the Dirac operator on X with the Z p -index of the spin c -Dirac operator on Y for some Z p -equivariant spin c -structure on Y constructed below, which is Z p -equivariantly spin on a neighborhood of the fixed point set.
The Z p -equivariant spin c -structure on each CP 2 -component of Y is defined so that its spin c Dirac operator is identified with the Dolbeault operator twisted by O(
in Lemma 5 If we write K for the canonical line bundle of CP 2 , then the square
on a neighborhood of the fixed point set, L α is a Z/p-equivariant square root of K there. It implies that the spin c -structure is Z p -equivariantly spin on a neighborhood of the fixed point set. The Z p -equivariant spin c -structure on each CP 2 -component of Y is defined so that the spin c Dirac operator is identified with the same twisted Dolbeault operator with opposite parity of degree. The Z p -equivariant spin c -structure on each S 4 -component of Y is defined as Z p -equivariant spin structure.
Since the spin action on X is isomorphic to the spin c action on Y on neighborhoods of their fixed point sets, the characters of Z p -indices for their Dirac operators coincide for g = 1 ∈ Z p . Moreover the characters for g = 1 is zero for X and Y . Therefore their Z p -indices, in particular their Z p -invariant parts, are the same.
Nonsmoothability
In this section, we prove Theorem 1 by choosing appropriate weights α i and using the 10/8 inequality for the quotient V-manifold X/Z p in [4] . 
Theorem 7. Let m and r be non-negative integers satisfying
Proof. In general when a finite group G acts on a closed spin 4-manifold W preserving the spin structure, Fukumoto and Furuta [4] showed the inequality
for the G-equivariant Dirac operator D on W . In our case, since the action is homologically trivial, the right hand side for W = X is equal to n. If the action is smoothable, Proposition 6 implies Theorem 7 implies that if the action is smoothable with some smooth structure of X, then the inequality 2lm < n = 3m + r − 1 (p = 12l + s for s = ±1 or ± 5) must be satisfied. If not, the action is not smoothable, which implies Theorem 1.
